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Abstract—1In this paper we analyze several protocols for
Gaussian half-duplex multiple relay networks where each node
either transmits or receives on a particular resource. We present
achievable rates for a multilevel partial decode-and-forward ap-
proach which generalizes previous results presented by Kramer
and Khojastepour ef al.. Furthermore, we present a compress-
and-forward protocol and a mixed strategy which use a regular
encoding scheme. Finally, we discuss results for a four-terminal
line network and compare the performance for fixed and random
transmission strategies as well as for coherent and non-coherent
transmission.

I. INTRODUCTION

Next generation mobile communications systems are char-
acterized by an increased density and availability of mobile
terminals. To satisfy growing service demands and to exploit
networks more efficiently, future infrastructure based wireless
communications systems are likely to apply network coding
techniques, in particular relaying. Relaying protocols utilize
additional, intermediate nodes which support communication
pairs; the principles of relaying were introduced in [1] and
substantially refined for the three-terminal case in [2].

With the growing importance of mobile terminal networks,
more recent work concentrates on relay networks of arbitrary
size. In this context, general decode-and-forward (DF) and
compress-and-forward (CF) strategies have been presented
in [3]. The former one is an application of Slepian-Wolf
coding, where each relay fully decodes the source message
and provides additional, redundant information. By contrast,
the compress-and-forward strategy is an application of Wyner-
Ziv coding such that each relay quantizes its channel output
which is decoded and exploited by the information sink.

Practical limitations imply an orthogonality constraint on
relay nodes, i.e., relays either transmit or listen on a partic-
ular time-frequency resource. First analyses considering this
constraint were presented in [4]-[6] for one relay and in [7]
which derives outer bounds on the capacity of N-terminal
networks. More recently, [8] presents a detailed analysis of
CF and DF approaches regarding their diversity-multiplexing
tradeoff. Furthermore, [9] presents strategies which exploit a
random channel access to exchange information.

In [10] we applied the idea of [9] to the discrete memoryless
multiple relay channel and presented different protocols and
their achievable rates. In this paper, these protocols are applied
to the Gaussian N-terminal channel to compare achievable
rates as well as issues regarding their implementation in a

mobile communications system. Section II defines the under-
lying system model. In Section III we derive the achievable
rates for a partial DF protocol, before Section IV presents a CF
approach with a regular encoding structure. Section V presents
the achievable rates of a mixed protocol. Finally, we analyze
numerical results for a four-terminal line-network in Section
VI

II. SYSTEM MODEL AND NOTATIONS

This paper uses non-italic uppercase letters X to denote
complex Gaussian random variables (r.v.s) and italic letters
(N or n) to denote constant values. Ordered sets are denoted
by X, their size is given by |-|, the j-th element of a set is
denoted by X(j), and [b; b+ k] represents the ordered set of
numbers (b,b+1,---,b+k) or § if & < 0. We use m(X)
to define the set of all permutations of X. Let further N* be
a scalar parameterized using k then NC denotes Yoree NV k.
Matrices are denoted by boldface uppercase letters K, the
determinant of a Matrix is denoted by ||-|| and the element
in the ¢-th row and j-th column of matrix K is denoted by
[K]; ;- Throughout this paper, we use p(x|y) to abbreviate
the conditional probability density function (pdf) pxy(x[y)
for the benefit of readability. The mutual information function
C(z) is defined as C(z) = 1d(1 + x).

In this paper we consider a Gaussian multiple relay channel
consisting of N +2 nodes: the source node s = 0, the set of NV
relays R := [1; N| and the destination d = N + 1. We define
the node states (mg, my,...,my) € MyxMjpx--- My with
M, ={L,T}. Each ¢ € [0; N] is either listening (M; = L) or
transmitting (M; = T') on a particular resource. It is possible
that the source remains silent, e. g., to reduce interference in a
wireless network. The source chooses an ordering of all relay
nodes o € 7([1; N + 1]) where o(N + 1) = N + 1. For the
benefit of readability we abbreviate in the following Y,;) by
Y, and the relay o(l) by relay I. All results presented in the
sequel are given for a specific o, though a maximization over
7m([1; N + 1]) is necessary.

Let dp-; be the distance between nodes I’ and [ # !’ and
0 the pathloss exponent, then the gain factor between both
nodes is given in a log-distance path loss model by g;r; =
d;i/ ®. The channel input at node [ is given by the n-length
sequence of complex Gaussian r.v.s {X;[i]};_, with zero mean
and variance P, denoted by X; X CN (0, P;). From the
orthogonality constraint follows (M;[i{] = L) — (X;[i]] = 0),
which implies that each node ! € [0; N] must fulfill the power



constraint + > | E {\Xl [z]|2} = pu, (T) P,. Let further the
channel output at node [/ and time instance 7 be given by

Y[ =1(M[i] = L) - Z g Xvi] + Z)[d] |

I'€[0; NI\

where 1(-) is the indicator function returning 1 if its argu-
ment is true and O otherwise, and Z; <~ CN (0, N;) is the
additive white Gaussian noise at node [. As an immediate
consequence of the orthogonality constraint we can state that
(M;[i] =T) — (Y;[7]] =0). We further divide all transmis-
sions in blocks b € [1; B] of length n and use the standard
definition of achievable rates as given in [11].

III. PARTIAL DECODE-AND-FORWARD

Our first proposal is an application of partial DF to a half-
duplex relay network. Consider Fig. 1 which illustrates the
structure of this protocol: The source message W € [1;2"F
is mapped to N + 1 message levels U¥ & CN(0,1), k €
[1; N + 1], with rates R¥. Each relay [ € [1; N] creates the
messages UF ~ CN (0,1), k € [1;1], with rates R

Assume that relay [ € [1; N] has successfully decoded the
indices of the first [ source message levels U[sl;” transmitted
in block b. In block b+ this relay selects the relay messages
Ul[ll"l] assigned to the same indices. Since each relay ! delays
the transmission of redundant information by [ blocks, it
knows the first [ message levels of all successive relays. Hence,
to exploit coherent transmission (if possible), it creates the
relay transmission as X;[i] = 1 (M;[i] = T') X;[i] with

ﬁlzz( (My[i] = T) \Jaf, UB )

k=11U'=l

Here, osz ; models both the power distribution for the own

messages (I = 1’) and the coherent support for all successive

relays, i.e., { >U'Vk>1)— aﬁl, = (. Similarly, due to the

delay at each relay, the source has knowledge of each relay

message (which are functions of the source message) and it

creates its messages as X,[i] =1 (M [i] = T) X, [4] with
N+1

:\/EZ[ a{;sU’le M,[i] = T) y/ak U}
k=1

For the sake of readability, these definitions choose af v
independent of the current states M|y, though an extension
using state adaptive Ozf 1+ 1s possible.

Finally, consider the decoding at node [ at the end of block
b+ [ — 1. From the previous description we know that in
blocks [b;b + | — 1] nodes [0;7 — 1] transmit information for
the source message of block b. Due to the regular encoding
structure, i.e., each node transmits the message with the same
index, node [ tries to find a unique message index for the tuple
(U’;, U’,j, e 7Uf,1) such that all messages are jointly typical.
As already mentioned, node ! additionally knows all message
levels [1;!] transmitted by nodes !’ > [ and the indices for
the source message levels [1;k — 1] (as we assume that all
message levels are decoded in ascending order).

Y, : Ul Y, : UlU2
1

1 ulu? Ul 1772
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Y, : UlU2U3
Fig. 1. Information exchange of partial DF for N = 2.

At node [ the received power for message U? is given for
a particular state realization mjg, ] by

1 (mj =T (gjml\/a?',jpt)

With our specific decoding order the received power at node
[ before decoding U? is given by O'fJ (m[o;N]):

% (mpoy) =

>

i’ €{s,[k;d]}

ok (o) =T0 Y (mpg) + TV ) (mjawy) + N
oy (mpong) =T (o) + 02D (o)
+T (g, 1)+Fy§zﬂ i (mpo;vp) + N,

where Fl['lelT]z( oiN]) = Xper T z/' (m[o ~7) and T} rep-
resents the useful power within ok ;- Due to the random
channel access of nodes [0; N|, we can give the pdf of Y,
after a polar coordinate transformation as

Y plmgme) - <_"<“T[N]))

p?,l (Ya mﬁ) = (m )
mf€Mf gl [0;N]

(D

where the states of nodes £ are known and those of nodes

L = [0; N]\ {£,1} are unknown. Furthermore, its differential
entropy is defined as [11, Definition 9.1]
b (mg) = = [ 9 (vome) 108 (vome)) v
0

Using the previous definitions and protocol description we can
state the following theorem on the achievable rates.

Theorem 1: The achievable rates R = fj:ll RF for the
previously described partial DF protocol must satisfy

-1

R, < Suple[fln[ivﬂ+1]Q§,z(£1)+ZQ}J(5J‘+1) 3)
P, i j=1
-1

Ry < swp min QU(Lo)+D QL) @
P, ; =k



with £; = [j; N\ {{} and

LE) = > = Lime) - p(me) (bl (me)

meoeEM,
= Y plmylmpen) b (miey)). O
m]'EM]’
?,l (L) = Z p(m; = Limg) - p (mg)
meoeEM,
(B (me) = b (me)) ©)

where hjl (m,) is given in (2) and the supremum in (3) and
(4) is taken over all af;l and the joint pdf pap, v, -
Proof: The proof follows a strict application of [10,
Theorem 1] to the previously defined Gaussian system model.
|
Theorem 1 and in particular equations (5) and (6) reflect the
random channel access and as a result the improved rates.
Nonetheless, one can see the difficulty to evaluate the previous
integrals as p;?yl, is the weighted sum of exponential pdfs. The
more general integral

AEAk g ARk _»,
Ak 1 ST %M ey ) g
/(Z A S ) gy

o \ k k

can only be loosely upper and lower bounded (using log-sum
inequality and Jensen’s inequality). Hence, we must evaluate
this term numerically as long as £ # () in (1). If we use only
one message level, i.e., afl, = 0 for k£ > 1, the previous
theorem yields the results éiven in [9]. Furthermore, if we
manipulate pyp, ., such that it satisfies

Vi € [0; N] :Pr(ml :T|3j€ 1 k—1] :my_; :T) =0,

we have the multihop protocol with limited resource reuse 1/k
described in [12].

IV. A COMPRESS-AND-FORWARD APPROACH

Next, we present a compress-and-forward approach where,
in contrast to the previous proposal, the relays neither need
to decode the source nor other relay messages. Actually, as
Section VI reveals, due to the orthogonality constraint the
requirement to decode at the relays is a severe bottleneck in
the considered system. In comparison to the previous section
we now assume an arbitrary transmission schedule which is
known to all nodes, i.e. a fixed transmission schedule. There
are two reasons for this choice: first, due to the nature of CF,
node ! € [0; N —1] is unable to anticipate what any node I’ > [
is transmitting and hence no coherent transmission is possible
compared to partial DF. Furthermore, the fixed schedule can
improve the interference mitigation between individual nodes
in wireless networks.

Each relay | € [1; N] creates 2"“ quantization messages Y,
which are used to quantize its channel output. The introduced
quantization noise is modeled at each node by N;. Besides,
each relay creates 272! messages X; which are used to
communicate the quantized channel output. Consider some

block b € [1; B]: the relay [ searches for a quantization with
index ¢ 41 which is jointly typical with its channel output
yi(b). In block b + 1 it transmits the broadcast message X;
assigned to the same index.

On the other hand, in block b the destination decodes
the source message transmitted in block b — . At first, it
decodes the quantization of relay N by searching for the set
of all possible broadcast messages Xy in block b and the
set of all possible quantizations Y, for block b — 1 such that
exactly one message index is element of both sets. Obviously,
this quantization can be used to support the decoding of the
broadcast message X y_; transmitted in block b — 1. Hence,
using a recursive decoding process the destination can finally
use the quantizations of all relay nodes and its own channel
output to decode the source message.

Due to the usage of a regular encoding structure, i.e., we
generate the same number of quantization and broadcast mes-
sages, no intermediate mapping of quantization to broadcast
messages is necessary and the encoding as well as decoding
process is simplified. In this example, the achievable rates are
not affected but the next section will present a mixed strategy
where the rates are improved through this regular encoding.

From the previous description we have ai yo= 0 if
k> 1Vvj # j, ie, only one message level and no
coherent transmission. Using our previously defined system
model the received power at node [ from the set of nodes
L' for a particular realization my,y; € M~ T is given by
F}:,y . (m[o; N}). The govariance of the channel outputs at nodes
I and I’ is given by I‘lﬁ,,u, (m[o;N]). In the following, we will
omit the superscripts for the sake of readability. Now define
the set £ with LN L' = (. Furthermore, let the set of all nodes
in £ which are currently listening be

T,C,m[o;N] = {l eL:M; = L}

Then the covariance matrix K¢ ¢ (mo,n;) of all quantiza-
tions at nodes | € 7z, and Yq is given by (in the
following definition we abbreviate Tﬁ,m[ by 7):

0;N]
[Ke.co (m[O;N])LJ = T+ Na

[Keo (mon)] 1500 = Thorg) + Nrg) + Nrg)

[Keo (m[O§N])]1,j+1 =
[Ke.c (m[O;N])L'H,jH =
with j € [1;|7z,my,x|]- For the benefit of readability the ar-
guments of I‘lﬁ,, ; and I‘lﬁ,, ;i are omited. With these definitions
we can now formulate the following theorem.

Theorem 2: With a fixed schedule the presented compress-
and-forward approach achieves any rates satisfying

R< ) P(m[o;m)ld(” [13N], (m[O,N]])H>’

o EM o] ;1.0 (m10:9) |
@)

Lhrar()

1
Uerinrg

subject to (8) on the top of the next page.
Proof: The proof follows a strict application of [10,
Theorem 2] to the previously defined system model using
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the definition of differential entropy for multivariate complex
Gaussian r.v.s [11, Ch. 9 and 10]. |
Eq. (8) reflects the side condition on the quantization quality.
The right hand side of (8) gives the channel coding constraint
whereas the left hand side gives the source coding constraint.
This inequality can not be solved in general and hence a
numerical optimization is necessary. Furthermore, due to its
structure, (8) must be solved iteratively in descending order,
starting with Ny. Compared to the CF approach presented
in [3, Theorem 3], our approach does not include any inter-
ference cancellation at the relay nodes itself but only at the
destination. Besides, we utilize a regular encoding approach
which simplifies the encoding and decoding structure as well
as improves the rates in case of multiple descriptors.

V. A MIXED PROTOCOL FOR TWO RELAYS

In the previous sections we presented approaches where
all relays operate either in decode-and-forward or compress-
and-forward mode. Considering a mobile communications
system with fixed infrastructure relays this imposes rather
strict constraints on the deployment of relays. In case all relays
are operating in DF mode, they should be placed such that a
sufficiently good connection between relay and source exists.
On the other hand, if CF relays are used we must assure
that each relay has a high-quality link towards the destination.
Relays might switch between DF and CF in up- and downlink
but we are likely to face situations where neither strategy is
optimal.

In Section VI we analyze a line network where two alter-
nately transmitting relays are able to achieve capacity in our
region of interest. In the following we present a protocol using
two alternately transmitting relays where one relay operates in
DF mode and the other one in CF mode. The idea of using
alternately transmitting relays was introduced in [13] and since
then received strong attention, e. g., the Diamond network in
[14] and an analysis of different DF and CF based protocols
in [15]. Our proposal does not exploit all possible degrees of
freedom such as multilevel encoding at the source or a full
characterization of the multiple description problem at the CF
relay. However, we use a regular CF approach which improves
the achievable rates.

The structure of the protocol is illustrated in Fig. 2. Each
transmission block is divided into two phases with probabili-
ties p; and py where we require that during the first phase only
relay 1 and during phase 2 only relay 2 transmits. The source
divides its transmission into two independent data streams

Source: xs,1(b) Xg,2(b)
Node 1: x1(b) y1(b) = x1(b+1)
Node 2: |y2(b) — $2(b) — x2(b+ 1) xo(b)
e e
np=n-p1 N2 = NP2
Fig. 2. Coding structure for the mixed strategy with two alternately

transmitting relay nodes.

ny

with 2nfcr messages X1 ~ CN (0,1) and Qn Fir messages
Xe2 = CN(0,1) where ny = pyn and ny = pon. Relay 2
generates 2“2 quantizations Y, N CN 0, 0%2 + N2> where

0%, denotes the variance of its channel output and N models

the quantization noise. Besides it generates 2"“2 broadcast
messages Xo ~ CN (0,1). Relay 1 generates 2"7F messages
X; % CN (0,1). The channel input and output at each node is
defined as in the previous two sections. We further introduce
an adaptive a1 such that (My = L) — a,1 = 0. This is
useful as the source does not need to support the first relay
(a1 > 0) if relay 1 is receiving. Besides, note that a2 = 0
as a coherent transmission is not possible for CF cooperation.

Consider again Fig. 2: in phase 1 the source transmits
the CF part X, ;. It is received by relay 2 which quantizes
its channel output using Y,. The resulting index gives the
broadcast message transmitted in phase 2 of the next block.
In phase 2 the source transmits the DF part which is decoded
by relay 1. In phase 1 of the next block the relay transmits its
message associated to the same source message index. Before
the relay is decoding the source message it might decode the
other relay’s transmission. For this purpose it can exploit the
knowledge that Y, depends on the transmission of relay 1.
Furthermore, the relay can exploit its own channel output Y,
as side information. Alternatively, the relay can ignore the
transmission of relay 2 and treat it as interference. This might
be better modeled using a multilevel encoding approach at
relay 2 but as already mentioned we want to keep the protocol
as simple as possible.

At the end of block b the destination decodes at first the
quantization of relay 2 for block b — 1. It can exploit its own
channel output and the index transmitted by relay 2 in block
b. Using this quantization and the own channel output in block
b — 1 the destination builds the set of all possible indices



transmitted by relay 1 in block b — 1. Using the quantization
for block b — 2 and its own channel output the destination
further builds the set of all possible source message indices
transmitted in block b — 2. By building the intersection of
both sets the destination decodes X, o transmitted in phase 2
of block b— 2. Finally, knowing the transmission of relay 1 in
block b — 2 (decoded in block b — 1) it uses the quantization
of relay 2 (decoded in block b—1) and its own channel output
to decode X ; transmitted in block b — 2.

To formulate the achievable rates of this protocol, we define
the covariance matrices K; = Ky 5 13 (M[Lg] ={T, L}) of
the quantized channel output at relay 2 and the channel output
at the destination before the transmission of relay 1 is decoded
and Ko = Ky 5} (M[12) = {7, L}) after this transmission
is decoded. Using both covariance matrices we are able to
formulate the following theorem.

Theorem 3: The previously presented mixed protocol
achieves any rate R = Rpp + Rcp satisfying

nfmo(S2) +ra(gacy) e (5
Rpr < min< poC — | +pild ,p2C ’ )
DF = {P2 (Nd P1 HK2H b2 N,

®)
if node 1 decodes the quantization of node 2, and
Iy K
Rpr < min{ng( ’d> +p11d(” 1) ,
Na K|
I 9)
C s,1
b2 (N1 + F2,1> }7
otherwise. The compress-and-forward rate is limited by
Fs 2 Fs d)
Rep < piC| —2—+ =25 ), (10)
e <N2+N2 Na
subject to
Ciany2a)’
. Fisaye+ Na— (OERIEY) N
Ny > {s,1} _ I'(s,13,a+Na (11)
- oRY/p1 _ 1
with
~ DY
Rl —_ C 5 ,
2o (Nd +Fs,d)
and if relay 1 decodes Y, also subject to
NQ > (1“372 + NQ) . (21:2%/171 _ 1)_ (12)

with

- PR
R2 = pC —2—— ).
2= P2 <N 1+ )
Proof: The proof follows a strict application of [10,
Theorem 3] to the previously defined system model. We again

omit the indices of I'z/; and T'zr g v [ |
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Fig. 3. Setup for our analysis

Mixed strategy

i
1

T
1

R in bits per channel use
H~ ot
=, |

3 ﬂ/ ........ DF ...........

Multihopping :

0.1 0.1
distance r

|

0.3

0.5

Fig. 4. Results for § = 4 and non-coherent transmission. Solid lines indicate
results for fixed transmission schedules and dashed for random transmission
schedules.

VI. NUMERICAL RESULTS

We analyze in this section the previously presented proto-
cols using a line network consisting of two relays. More specif-
ically, we investigate the achievable rates of partial decode-
and-forward (PDF), decode-and-forward with one message
level (DF), compress-and-forward (CF), DF with limited re-
source reuse (Multihopping), the mixed strategy presented in
Section V and the capacity upper bound derived in [7]. a max-
flow min-cut theorem.

A. Setup

Consider the setup illustrated in Fig. 3 where two relays
are placed in one line with source and destination. In this
setup all distances are normalized to the source-destination
distance, i.e., ds,g =1, ds1 = dog = |r| and d1 2 =1 — 2r.
This model should reflect different deployments which might
be used in a mobile communications systems with fixed relay
nodes. Although the situation » < 0 might happen (for instance
due to shadowing), our region of interest is 0 < r < 0.5 which
coincides with a deployment where relays are placed between
source and destination.

Let us further define P, = P, = P>, Ny = Ny = Ny
and Ps/n, = 10dB. Different values for P; and N; would
evidently impact the following quantitative statements, but the
qualitative statements remain almost unaffected. We analyze
the achievable rates for the Gaussian system model with a
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Fig. 5. Results for § = 4 and coherent transmission. Solid lines indicate

results for fixed transmission schedules and dashed for random transmission
schedules.

pathloss exponent 8§ = 4 and compare the results for non-
coherent transmission in Fig. 4 (e.g., for the case of phase-
fading) and coherent transmission in Fig. 5.

B. Achievable rates

We can observe from both figures that a random trans-
mission schedule provides only a minor performance benefit.
More specifically, for < 0 there is almost no benefit and for
r > 0 the benefit is not more than 1 Bit.

We can further observe that decode-and-forward based
protocols achieve a poor performance compared to full-duplex
networks where DF based approaches achieve results near
capacity [16]. The reason is that each relay must decode the
complete or parts of the source message which significantly
limits the achievable rates. Even the usage of partial decode-
and-forward (PDF) does not improve the performance for r >
0 in comparison to decode-and-forward with one message level
(DF) since the increased interference at each node outweighs
the advantages obtained by using multiple encoding levels. For
7 < 0, PDF achieves better results than DF since relay 2 is
turned off. Besides, compress-and-forward achieves reasonable
results for » < 0 and non-coherent transmission but not
for coherent transmission as compress-and-forward does not
utilize any coherent support.

The best results are offered by the mixed strategy which
achieves results close to capacity for » < 0 and r ~ 0.5.
Its maximum performance advantage is provided for r ~ 0.5
where rates are improved by almost 4 Bits in comparison to
direct transmission (one hop). Nonetheless, for r ~ 1/3 we
have the worst-case situation for our mixed strategy. In this
case the signal-to-noise ratios for the link from source to relay
1 and between both relays are similar. Hence, if relay 1 ignores
the transmission of relay 2, the DF part achieves significantly
lower rates. On the other hand, if it decodes the quantization

of relay 2 the quantization quality is reduced due to the low
inter-relay link quality.

C. Final remarks

The derived rate expressions are a useful framework to plan
the deployment of relays in fixed infrastructure mobile com-
munications systems as they provide all means to compute the
achievable rates. We can observe from the previous analysis
that the mixed strategy probably provides the best performance
with low implementation complexity since no multilevel-
encoding is used and each phase can operate independently.
Besides, in a mobile communications system we will most
likely have r ~ 0 or » ~ 0.5. The former one relates to
the situation where each relay has a suitable link either to
the source or the destination. The latter one corresponds to a
deployment where relays are placed to form colocated virtual
antenna arrays. Furthermore, the protocol can be used for both
up- and downlink in comparison to DF and CF which are either
recommendable in up- or downlink.
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